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Abstract
We discuss the effects of neutrino mixing and the neutrino mass hierarchy when considering
the capture of the cosmic neutrino background (CNB) on radioactive nuclei. The implications
of mixing and hierarchy at future generations of tritium decay experiments are considered. We
find that the CNB should be detectable at these experiments provided that the resolution for the
kinetic energy of the outgoing electron can be pushed to a few 0.01 eV for the scenario with inverted
neutrino mass hierarchy, about an order of magnitude better than that of the upcoming KATRIN
experiment. Another order of magnitude improvement is needed in the case of normal neutrino
mass hierarchy. We also note that mixing effects generally make the prospects for CNB detection
worse due to an increased maximum energy of the normal beta decay background.
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I. INTRODUCTION
Recently, there have been a number of papers [1, 2] on the possible detection of the
Tν ≃ 1.9 K cosmic neutrino background (CNB) (see, e.g., Ref. [3], for a recent review of
neutrinos in cosmology, see Ref. [4]) in beta decay experiments initially designed to measure
the neutrino mass through the kinematics of the decay. Although a fairly old idea [5], this
prospect now seems more feasible as the energy resolution of the experiments are being
pushed down to sub-eV scales (e.g., by the KATRIN experiment [6]). Among other things,
Refs. [1, 2] discuss how the signal-to-background ratio for such a CNB search depends on
the energy resolution and neutrino mass. Specifically, it was noted in Ref. [2] that an energy
resolution of ∆ ≤ 0.5 eV would be required in order to detect the CNB if the neutrino mass
is on the sub-eV scale, independent of gravitational clustering of cosmic neutrinos. For a
summary of other methods which have been discussed for measuring the CNB, see Ref. [7].
In this text, we will discuss the effects of neutrino mixing and the neutrino mass hierarchy
on the above mentioned CNB capture. Clearly, if neutrinos are degenerate in mass, then the
effects of mixing and hierarchy will be small. However, if neutrinos have hierarchical masses,
then also the neutrino mixing will affect the prospects of CNB detection. Unfortunately,
hierarchical masses also require the neutrinos to be very light, making the experimental
detection extremely difficult and demanding. However, there is a hierarchy dependent limit
on the resolution for when the CNB should be detected due to the known mass squared
differences.
II. NEUTRINO MASSES AND MIXING
Since the Super-Kamiokande results in 1998 [8], different experiments have been adding
more and more evidence to the existence of neutrino oscillations and today the neutrino
oscillation parameters are fairly well-constrained [9]. The basic principle behind neutrino
oscillations is based on the neutrino weak interaction eigenstates |να〉 being different from
the neutrino mass eigenstates |νi〉. In analogy to the quark mixing, the weak interaction
and mass eigenstates of the neutrinos are related as
|να〉 =
∑
i
U∗αi |νi〉 , (1)
2
where Uαi are the elements of the leptonic analogue of the Cabibbo–Kobayashi–Maskawa
matrix. Furthermore, neutrino oscillation experiments imply that neutrinos are massive,
although they can only probe the neutrino mass squared differences ∆m2ij = m
2
i − m
2
j ,
where mi is the mass of νi, and not the absolute neutrino mass scale. While many of
the neutrino oscillation parameters are quite well constrained, the questions whether θ13 is
zero and whether ∆m231 is positive (normal neutrino mass hierarchy) or negative (inverted
neutrino mass hierarchy) remain. In the remainder of this text, we will use sin2(θ12) = 0.3,
|∆m231| = 2.2 · 10
−3 eV2, and ∆m221 = 7.6 · 10
−5 eV2. These values are the best-fit values of
Ref. [9] except for the value of ∆m221, which has been inspired by the recent publication of
precision data by KamLAND [10]. As will be seen, the value of θ23 and any phases (either
Dirac or Majorana) are irrelevant to the process in question and the value of θ13 as well as
the neutrino mass hierarchy will be varied throughout.
In the following, we will denote the mass of a general neutrino by mν and the mass of
the lightest neutrino by m0. With this notation, we have
m1 = m0, m2 =
√
m20 +∆m
2
21, m3 =
√
m20 + |∆m
2
31| (2)
in the case of normal neutrino mass hierarchy and
m1 =
√
m20 + |∆m
2
31|, m2 =
√
m20 + |∆m
2
31|+∆m
2
21, m3 = m0 (3)
in the case of inverted neutrino mass hierarchy.
III. PHYSICS OF THE NEUTRINO CAPTURE
The physics for the neutrino capture νe +X → e
− + Y by the beta decaying nucleus X
(decaying to Y via the process X → ν¯e + e
− + Y ) is very straightforward and the capture
rate can easily be found as [2]
NCNB ≃ 6.5ρc yr
−1MCi−1, (4)
for a sample of tritium, where ρc = nν/〈nν〉 is the ratio of the relic neutrino density at
Earth and the mean relic neutrino density in the Universe (we expect to have ρc ≥ 1 due
to gravitational clustering of relic neutrinos). The average density of a single neutrino state
can be computed to be 〈nν〉 ≃ 55 cm
−3. While interaction and oscillation effects in the early
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Universe can slightly modify this number [11], the corrections are not of practical importance
for the present study. Thus, for a 1 MCi source of tritium (roughly 100 g) and depending
on the clustering and running time of the experiment, we could have a significant number
of events. The main problem is to separate the CNB events from the background of the
usual beta decay process. In order to achieve this, the energy resolution for the experiment
needs to be ∆ . 0.5mν in order to detect the CNB for sub-eV neutrinos [2] (∆ being the
full-width at half-maximum of a gaussian energy resolution for the outgoing electrons).
Equation (4) is computed for a single neutrino and will result in electrons of energy
Q+mν , where Q is the energy release in the usual beta decay process assuming the neutrino
to have zero mass. When considering mixed neutrinos with each neutrino mass eigenstate
having a relic density of nνi = ρi,c〈nν〉, the capture rate for each mass eigenstate is
Ni,CNB = 6.5ρi,c|Uei|
2 yr−1MCi−1, (5)
where |Uei|
2 is the electron neutrino content of νi, each giving monoenergetic electrons with
kinetic energy Q+mi. With the knowledge from neutrino oscillation experiments, we have
|Ue1|
2 = c213c
2
12 ≃ 0.7c
2
13, |Ue2|
2 = c213s
2
12 ≃ 0.3c
2
13, |Ue3|
2 = s213, (6)
where sij = sin(θij) and cij = cos(θij). Note that the lepton mixing angle θ23 is not present,
since it does not affect the mixing of the electron neutrino. In principle, the clustering ratios
ρi,c could be different for different mass eigenstates. As we will mainly be interested in the
worst-case scenario with hierarchical neutrino masses of the order of 0.05 eV or smaller, we
will assume that all clustering coefficients ρi,c = 1 (c.f. Ref. [12]). As mentioned in Ref. [2],
the clustering ratios do not significantly affect the resolution needed in order to obtain a
good signal-to-noise ratio. However, any clustering will, of course, lead to an enhanced signal
rate.
For the background involving the standard tritium beta decay, we note that its magnitude
is trivially related to the signal, since both the background rate and the signal rate involve
the very same matrix element. The background spectrum is given by [13]
dNβ
dTe
=
∑
i
|Uei|
2
dNβ,i
dTe
, (7)
where dNβ,i/dTe is the spectrum for the beta decay assuming a single unmixed neutrino
of mass mν = mi and Te is the kinetic energy of the outgoing electron. Because of the
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kinematics of this process, dNβ,i/dTe is zero above Te = Q − mi. However, due to the
overwhelming number of events, a large number of events may appear even at the energies
Te = Q +mi because of the finite energy resolution of any experiment.
IV. MIXING EFFECTS ON THE SPECTRUM
For degenerate neutrino masses (i.e., m0 ≫
√
|∆m231|) it is trivial to find that the effects
of neutrino mixing on the capture of CNB on beta decaying nuclei are negligible. Since∑
i |Uei|
2 = 1 (assuming unitarity of U) and the neutrino masses are nearly equal (and thus
also the clustering of different mass eigenstates), the signal will be the same as for a single
neutrino with no mixing as long as the experiment is not sensitive enough to detect the very
small neutrino mass differences. For example, in the case of m0 ≃ 1 eV, the neutrino mass
difference would be |m3 −m1| ≃ |∆m
2
31|/(2m0) ≃ 1.1 · 10
−3 eV, meaning that a resolution
better than ∆ ≃ 0.5 meV would be needed in order to tell the peaks from the different mass
eigenstates apart.
A. The case of small θ13
With the above in mind, let us focus on the case when the neutrino masses are hierarchical
(m0 ≪
√
∆m221), for definiteness, we use m0 = 0. We first assume that the lepton mixing
angle θ13 = 0 and later consider the implications of non-zero θ13. With θ13 = 0, we have
a situation where only two of the neutrino mass eigenstates are involved in the beta decay
and the CNB capture. The prospects of CNB detection is now ultimately dependent on
the neutrino mass hierarchy. For an inverted hierarchy, the mass eigenstates involved have
masses ofm1,2 ≃
√
|∆m231| ≃ 0.047 eV with a mass difference of m2−m1 ≃ ∆m
2
21/(2m1,2) ≃
8 · 10−4 eV. As in the case of degenerate masses, experiments with enough accuracy to
separate the two mass eigenstates seem extremely unlikely at the present time. However, an
experiment with enough accuracy to detect the CNB with a reasonable signal-to-background
ratio would have to have a resolution of ∆ ≃ 0.03 eV (see Fig. 1). It should be noted
that, while this resolution may also seem extreme, it represents a resolution at which the
CNB could be detected regardless of the absolute neutrino mass scale (also note that the
resolution for which the signal-to-noise ratio becomes of order unity is not very dependent
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FIG. 1: Event rates as functions of the kinetic energy Te of the electron for inverted hierarchy,
θ13 = 0, and gaussian detector resolution ∆. The bold (thin) curves correspond to the CNB signal
(beta decay background) and we have assumed a negligible gravitational clustering.
on the gravitational clustering [2]).
For the case of normal neutrino mass hierarchy, the situation becomes worse. In this
scenario, the neutrino masses involved arem1 = 0 andm2 =
√
∆m221 ≃ 0.01 eV, respectively.
Since one of the mass eigenstates has zero mass, the background spectrum will reach as high
as the total release energy Q, basically obstructing the possibility of detecting the peak for
m1. Assuming no clustering, the signal-to-noise ratio would be of order one at ∆ ≃ 10
−4 eV,
using the relation
NCNB
Nβ
≃ 6pi2
nν
∆3
≃ 2.5 · 10−11ρc
(
1 eV
∆
)3
(8)
for the number of events within ∆ from the end-point energy. The resolution needed to
detect the CNB peak for the second mass eigenstate would also need to be better than in
the case with only one unmixed neutrino of the same mass (see Fig. 2). This is due to
the fact that in the latter case, the maximal energy of the background electrons from the
standard beta decay is Q − m rather than Q. Furthermore, the event rate in the case of
mixed neutrinos is less by a factor of s212 ≃ 0.3, since the contribution from the first mass
eigenstate is not detectable. In order to obtain a good signal-to-background ratio for the
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FIG. 2: Event rates as functions of the kinetic energy Te of the electron for the normal hierarchy,
θ13 = 0, and a gaussian detector resolution of ∆ = 0.008 eV. The bold (thin) curves correspond to
the CNB signal (beta decay background) and we have assumed a negligible gravitational clustering.
peak corresponding to the second mass eigenstate, an energy resolution of a few meV seems
to be necessary.
B. The case of large θ13
If the lepton mixing angle θ13 turns out to have a relatively large value (we keep in
mind that the upper bound on θ13 from the CHOOZ experiment [14] is s
2
13 ≤ 0.047 at
3σ, corresponding to θ13 ≤ 12
◦), then this will affect the conclusions from the previous
subsection. This will imply that at least one neutrino of massmi ≃
√
|∆m231| ≃ 0.047 eV will
always be involved in the processes under scrutiny. Thus, an energy resolution comparable
to this value might be able to produce a reasonable signal-to-background ratio regardless of
the neutrino hierarchy. Clearly, this is positive, since it would imply that there is a lower
bound on the resolution where one could expect to detect the CNB assuming that the event
rate can be made high enough. However, there is also the drawback of always involving
a neutrino with zero mass, resulting in the extension of the background spectrum up to
Te = Q, and thus, requiring better energy resolution than if only involving one massive
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FIG. 3: Event rates as functions of the kinetic energy Te of the electron for inverted hierarchy,
different θ13, and gaussian detector resolution ∆ = 0.03 eV. The bold (thin) curves correspond to
the CNB signal (beta decay background) and we have assumed a negligible gravitational clustering
(c.f., Fig. 1).
neutrino.
In Fig. 3, we show the inverted hierarchy result for θ13 = 0, 1
◦, 5◦ and 10◦. As can be
seen from this figure, when θ13 6= 0, the signal itself is only slightly suppressed due to
the small mixing of the third mass eigenstate. However, the background from beta decays
involving the neutrino mass eigenstate ν3 is still sufficient to produce a significant increase
in the background, resulting in the need for slightly better energy resolution than if θ13 = 0.
Since the background related to the third mass eigenstate basically grows exponentially with
decreasing Te, even a small θ13 is enough to increase the background significantly.
The case of θ13 = 10
◦ and normal mass hierarchy is shown in Fig. 4. As can be observed,
the background for the energy resolution ∆ = 0.03 eV reaches slightly higher than in the case
of the inverted mass hierarchy. This is simply due to the low-mass neutrinos having a larger
mixing with the electron neutrino, resulting in higher maximum energy for the background
beta decays with the larger rates. In addition, the event rate corresponding to the third
mass eigenstate is significantly lower that that of the first and second mass eigenstates in the
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FIG. 4: Event rates as functions of the kinetic energy Te of the electron for inverted hierarchy,
θ13 = 10
◦, and gaussian detector resolution ∆. The bold (thin) curves correspond to the CNB
signal (beta decay background) and we have assumed a negligible gravitational clustering.
case of inverted neutrino mass hierarchy, simply due to the small value of θ13. Thus, a large
value of s213ρ3,c would be needed in order to have a sufficient event rate. Supposing that this
could happen, the peak could be resolved with an energy resolution of ∆ ≃ 0.015 eV, which
is about a factor of four less requiring than the resolution needed to resolve the second mass
eigenstate in the normal hierarchy when θ13 = 0. The requirements for resolving the second
mass eigenstate is practically unchanged as the background is more or less unaffected by θ13
in the normal neutrino mass hierarchy.
V. A NOTE ON THE CASE OF EXTREME GRAVITATIONAL CLUSTERING
It has been speculated that an extreme clustering of ρc = 10
13 for mν = 0.5 eV neutrinos
could be responsible for the knee in the cosmic ray spectrum due to the threshold of the
p + ν¯e → n + e
+ reaction [15, 16]. In this scenario, the rate of electrons originating in beta
decay and the rate of electrons originating in the capture of CNB neutrinos in the last energy
bin can again be approximated by Eq. (8). However, with this extreme clustering the ratio
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of events due to CNB interactions and events due to beta decay is given by
NCNB
Nβ
≃ 6pi2
nν
∆3
≃ 250
(
1 eV
∆
)3
. (9)
With an energy resolution of about 5 eV, comparable to that of the Troitsk experiment [17],
this would imply a ratio of NCNB/Nβ ≃ 2. Thus, the effect of CNB neutrinos on the electron
spectrum would definitely be non-negligible in this scenario and, if not taken into account,
would lead to an over-estimate in the endpoint energy, clearly consistent with the negative
best-fit value of m2ν at Troitsk (m
2
ν = −1.0 ± 5.1 eV
2 [17]). If this extreme gravitational
clustering of mν = 0.5 eV background neutrinos is present at the Earth, then the discovery
of the CNB should be just around the corner with the upcoming results of the KATRIN
experiment [6], sensitive to neutrino masses of about mν ≃ 0.2 eV. However, if it is not
detected by KATRIN, then this would seem to invalidate (at least locally) the assumption of
extremely clustered background neutrinos. Since the ratio is proportional to ∆−3, KATRIN
would be sensitive to CNB neutrinos with a clustering of ρc & 10
8 regardless of the neutrino
mass.
VI. SUMMARY AND DISCUSSION
We have studied the implications of lepton mixing and the neutrino mass hierarchy on the
possible detection of the CNB in tritium beta decay experiments and how the energy resolu-
tion for the outgoing electrons affect the signal-to-background ratio, where the background
consists of electrons from the normal beta decay. We have found that even if neutrinos
are strongly hierarchical with the lightest neutrino mass being zero, the CNB should be
detectable with a reasonable rate in an experiment involving about 100 g of tritium as long
as an energy resolution of a few 0.01 eV can be achieved and the neutrino mass hierarchy
is inverted. If we have a normal neutrino mass hierarchy, then the situation is worse unless
the event rate corresponding to the capture of ν3 can be increased (e.g., by a larger sample
or a very large value of s213ρ3,c). Thus, reaching this accuracy without observing the CNB
signal with the rate expected from the inverted hierarchy would imply a normal neutrino
mass hierarchy. However, it is impossible to distinguish the hierarchies if a single peak at an
energy Te ≥ Q+
√
∆m231 is found. This is due to the fact that the ν1,2 peak can be in this
region in both hierarchies, depending on m0. Furthermore, the observation of a CNB signal
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would give us experimental insight into the amount of clustering. It should however be
noted that the difference in the signal strength for the normal and inverted mass hierarchies
would imply different amounts of clustering.
In the event of normal mass hierarchy, a detector resolution of a few meV would be
needed in order to have a reasonable signal-to-background ratio for the peak corresponding
to the second neutrino mass eigenstate. If θ13 is shown to be relatively large, then we would
still need enough energy resolution to resolve both the peak for m2 and m3 in the case of
the normal hierarchy in order to tell which hierarchy is correct. This is due to the fact that
the m1,2 peak in the case of inverted hierarchy could also result from the m3 peak in the
normal hierarchy if the gravitational clustering is large. In this case, the relative strength of
the peaks would tell which peak belongs to which mass eigenstate, and thus, discriminate
between the neutrino mass hierarchies.
We have also noted that in the case of extreme gravitational clustering of the order of
1013, the CNB should have had a reasonably large effect already at the Troitsk experiment.
In this case, the detection of the CNB should be right around the corner with the advent of
the results of the KATRIN experiment.
A final remark; at the energy resolutions discussed here, the nuclear recoil energy of
Erecoil ≃ 2Q
2/M3He ≃ 0.25 eV can no longer be neglected. However, this can be readily
taken into account in the analysis of any experiment. At the even lower energy resolutions
discussed, finite temperature effects in the tritium source may also play a role. As compari-
son, temperature effects in the KATRIN experiment of the order of T = 27 K ∼ 2 meV are
negligible compared to the energy resolution. The lower limit for the temperature broadening
effect in the CNB capture is set by the CNB temperature of TCNB = 1.9 K ∼ 0.16 meV.
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